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$X$ , $(\cdot, )$ $||\cdot||$ . $X$
$A$ . $\underline{\alpha}$ , $A$
$\sigma(A)$ , $\infty$ ) .
. $X$ $X_{h}$ $h\in(0,\overline{h}$]
, $X_{h}$. $A_{h}$ , $\underline{\alpha}_{h}(\geq\underline{\alpha}),\overline{\alpha}_{h}$
$\sigma(A_{h})\subset[\underline{\alpha}_{h},\overline{\alpha}_{h}]$ . $X_{h}$ $(\cdot, )$
.
, $(\epsilon-1),$ $(\epsilon-2)$ $(0,\overline{h}$] $\epsilon(h)$
:
$(\epsilon-1)$ $\lim_{harrow 0}\epsilon(h)=0$ ,
$(\epsilon-2)$ $\{\begin{array}{l}||A_{h}||\leq\frac{\alpha}{e(h)}\#|\ovalbox{\tt\small REJECT} f^{\sim}.fh\in(0,\overline{h}]\text{ }iE\not\in \mathscr{J}\alpha\delta\grave{\grave{>}}ffl 9^{-}6\end{array}$
, $s$ ,
$||(A_{h}^{-1}P_{h}-A^{-1})\phi||\leq C\epsilon(h)^{1+s}||A^{*}\phi||$ , $\phi\in D(A^{s})$
1
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$C$ , $(A_{e,s})$ .
$(A_{e,\epsilon})$ $(A_{e,0})$ , $(\epsilon_{\epsilon})$ .
$C^{m}([0, \infty)$ : $X$ ) , $[0, \infty$ ) $m$ $X$
. $C^{2}([0, \infty):X)$ $L$ :
$L= \frac{d^{2}}{dt^{2}}+A$ .
$X_{h}$ $\{\phi\ovalbox{\tt\small REJECT} m=0,1,2, \cdot\cdot\}$ $L_{h}^{\delta,\beta_{f}}$ :
$L_{h}^{\delta,\beta_{f}}=(1+\beta\tau^{2}A_{h})D_{rt}+A_{h}+\delta\tau A_{h}D_{\mathfrak{k}}$ .
, $\beta$ 5 $h\in(0$ , , $\tau$ $h$




, $(E:\phi^{1}, \phi^{0}, \psi)$
(Raviart-Thomas [1 ] ) ( $E_{h,\tau}$ :
$\phi_{h,r}^{1},$ $\phi_{h,\tau}^{0},$ $\psi_{h,r,m}$ ) :
$(E:\phi^{1},\phi^{0},\psi)$ $\{L\phi(t)=\psi(t)\phi(0)=\phi^{1},(\frac{d}{d}c^{l>0}A)(0)=\phi^{0}$
,
$(E_{h,\tau} : \phi_{h,r}^{1}, \phi_{h,\tau}^{0},\psi_{h,\tau,m})$ $\{\begin{array}{l}L_{h}^{\delta,\beta_{f}}\phi_{h,\tau,m}=\psi_{h,r,m},m=l,2,\cdots\phi_{h,\tau,0}=\phi_{h,r}^{l},D_{f}\phi_{h,\tau,0}=\phi_{h,\tau}^{0}\end{array}$
$\phi^{1},$ $\phi^{0}$ $X$ , $\phi_{h,\tau}^{1},$ $\phi_{h,\tau}^{0}$ $X_{h}$ .









$\gamma\in(0,1)$ $h\in(0,\overline{h}$] , . $h\in(0,\overline{h}$]
, $(S_{2\gamma}^{\delta})$ $\tau$ :
$(S_{2\gamma}^{\delta})$ $\tau^{2}(1+\delta)^{2}||A_{h,r}||\leq(2\gamma)^{2}$ .
$(E_{h,\tau} : \phi_{h,r}^{1}, \phi_{h,\tau}^{0}, \psi_{h,r,m})$ $\{\phi_{h,r,mi}m=0,1,2, \cdots\}$
.
$||\phi_{h,r,m}||\leq(1+1\neq-\gamma^{2})||\phi_{h}^{1}f||+\sqrt{1-\gamma^{2}}^{1}||A_{h,r}^{-1/2}\phi_{h,\tau}^{0}||$
$+ \mapsto_{1-\gamma^{2}}^{m-1r}\cdot\max_{1\leq j\leq m-1}||\{(1+\beta\tau^{2}A_{h})A_{h}\}^{-1/2}\psi_{h,\tau,j}||$ ,
$m=2,3,$ $\cdots$ . $O$









, $(E:\phi^{1}, \phi^{0}, \psi)$ $\phi^{1},$ $\phi^{0},$ $\psi$ , $s$
:




$s$ $(D_{s}),$ $(\epsilon_{s-1})$ . $\gamma\in(0,1)$ $h\in(0,\overline{h}$]
. $\tau$ , $s\in[1, \infty$ ) $(S_{2\gamma}^{\delta})$ , $s\in[0,1]$
$(S_{2\gamma}^{\rho})$ . $(E: \phi^{1}, \phi^{0}, \psi)$ $\phi$ ( $E_{h,\tau}$ :
$\phi_{h,r}^{1},$ $\phi_{h,\tau}^{0},$ $\psi_{h,\tau,m}$ ) $\{\phi_{h,r,m} : m=0,1,2, \cdots\}$ .






$C_{2} \cdot E(m\tau;\min(1, s))$
$+_{1} \beta\tau^{2}\cdot\frac{\gamma}{\sqrt{1-\gamma^{2}}}\frac{1}{1+5}\cdot D(0;1/2)$
$\tau$
$+ \beta\tau^{2\min(1,s)}\cdot m\tau\cdot C_{3}\cdot E(m\tau, \min(1, s))$
$+\delta\tau\cdot m\tau\cdot\sqrt{1-\gamma^{2}}^{1}\cdot C_{4}\cdot D((m-1)\tau;1/2)$







$+\prime r\cdot\underline{\alpha}^{-\epsilon}\cdot C_{7}\cdot E(m\tau;s)$
$+_{-}\beta\tau^{2s}\cdot m\tau\cdot(i+\beta\rho^{2})^{1/2-s}\cdot C_{8}\cdot E(m\tau, s)$
$+ \delta\tau^{2s}\cdot m\tau:\frac{1}{\sqrt{1-\gamma^{2}}}\cdot C_{9}\cdot D((m-1)\tau;s)$
$+F(m;s)$ , $m=2,3,$ $\cdots$ ,
4
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, Ci $(i=.1, \cdots, 9)$ $h\in(0,\overline{h}$ ], $\tau,$ $\beta,$ $\delta,$ $\gamma,$ $\underline{\alpha}$ , ,
$E$ ( $t$ ; s) $=$ $||A^{1/2+\epsilon}\phi^{1}||+||A^{s}\phi^{0}||+||A^{-1/2+s}\psi(0)||+||A^{-1+s}\psi^{(1)}(0)||$
$+ \max_{0\leq r\leq t}||A^{-1+s}\psi(r)||$
$+(t+ \underline{\alpha}^{-1/2})\cdot\max_{0\leq r\leq t}||A^{-1+s}\psi^{2}(r)||$ ,
$D$ ( $t$ ; s) $=$ $||A^{1/2+s}\phi^{1}||+||A^{s}\phi^{0}||$











$+(m-1) \tau\cdot\max_{1\leq;\leq m-1}||P_{h}\psi(j\tau)-\psi_{h,\tau,j}||\}$ ,
. $0$
:
(I) 5 , .
(II) .
, 2 $C^{2}([0, \infty):X_{h})$ $L_{h},\tilde{L}_{h}$ :
$L_{h}$ $= \frac{d^{2}}{dt^{2}}+A_{h}$ ,
$\tilde{L}_{h}$ $= \frac{d}{dt}\tau+A_{h,r}2$
$(E_{h} : \phi_{h}^{1}, \phi_{h}^{0},\psi_{h}),$ $(\tilde{E}_{h} : \tilde{\phi}_{h}^{1},\tilde{\phi}_{h}^{0},\tilde{\psi}_{h})$ :











$\phi_{h},$ $\phi_{h}^{M},\tilde{\phi}_{h},$ $\phi_{h,r,m}^{A},$ $\phi_{h,r,m}^{I}$ :
$(E_{h} : P_{h}\phi^{1}, P_{h}\phi^{0}, P_{h}\psi)$,
$(E_{h} : A_{h}^{-1}P_{h}A\phi^{1}, P_{h}\phi^{0}, P_{h}\psi)$ ,
$(\tilde{E}_{h} : A_{h}^{-1}P_{h}A\phi^{1}, P_{h}\phi^{0}, (1+\beta\tau^{2}A_{h})^{-1}P_{h}\psi)$,
$( E_{h,r} : A_{h}^{-1}P_{h}A\phi^{1}, P_{h}\phi^{0}+\frac{r}{2}(1+\beta\tau^{2}A_{h})^{-1}\{-P_{h}A\phi^{1}+P_{h}\psi(0)\},$ $P_{h}\psi(m\tau))$ ,










$\phi_{h},$ $\phi_{h}^{M},\tilde{\phi}_{h},$ $\phi_{h,r,m}^{A},$ $\phi_{h,\tau,m}^{I}$ :
$(E_{h} : P_{h}\phi^{1},P_{h}\phi^{0}, P_{h}\psi)$ ,
$(E_{h} : A_{h}^{-1}P_{h}A\phi^{1}, P_{h}\phi^{0}, P_{h}\psi)$,
$(\tilde{E}_{h} : A_{h}^{-1}P_{h}A\phi^{1}, P_{h}\phi^{0}, (1+\beta\tau^{2}A_{h})^{-1}P_{h}\psi)_{\backslash }$,
$(E_{h,\tau}. A_{h}^{-1}P_{h}A\phi^{1}, P_{h}\phi^{0},.P_{h}\psi(m\tau))$,








, $s\in[1, \infty$ ) [3] .
, $s\in[0,1]$ , 2 $(\epsilon_{s-1})$
$(e_{0})$ .
1
$(A,0)$ $||(A^{-1}-A_{h}^{-1}P_{h})\phi\Vert\leq C^{0}e(h)||\phi||$ $\forall\phi\in X$ .
$\in(0,-$ $)$ $C^{0}$ , $s\in[-1,0]$
, $(A.\circ)$ .
$\Vert(A^{-1}-A_{h}^{-.1}P_{h})\phi\Vert\leq C^{0}\epsilon(h)^{1+}||A^{\cdot}\phi||$ $\forall\phi\in D(A)$ ,
$C=C^{0} \cdot\max\{\alpha, \underline{\alpha}^{-1}, +1, (\underline{\alpha}^{-1}+1)\cdot\max_{0<h\leq h}\epsilon(h), \}$ . $O$
4.
,




( $L$ WW) (Stoker [2]):
(LWW) $\{\begin{array}{l}-\Delta\Phi=0in\Omega\Phi_{tt}+g\frac{\partial\Phi}{\partial n}=F_{t}on\Gamma_{0}\frac{\partial\Phi}{\partial n}=0on\Gamma_{l}\Phi(0,x,y,z)=\Phi^{l}(x,y,z)in\Omega\Phi_{t}(0,x,y,z)=\Phi^{0}(x,y,z)in\Omega\end{array}$
, $\Omega$ 2 3 , $\Gamma_{0}$ $\Gamma_{1}$
.\sim $\Phi$ . $\Omega$
, $g$ , $F$ .
( $L$ WW) , $\acute{X}$ $\Gamma_{0}$ 2
$L^{2}(\Gamma_{0})$ , [4] $A$ , $\phi$
$(E : \phi^{1}, \phi^{0}, \psi)$ .
, 1 . $\Omega$ ,
,
, $X_{h}$ . $I$ ,
$2I$ . $X_{h}$
,
, [4] $A_{h}$ ,
$(E_{\dot{h},r} : \phi_{h,r}^{1}, \phi_{h,\tau}^{0}, \psi_{h,\tau,m})$ $A_{h}$ , $P_{h}A$
, .
[4] , 2 $\epsilon(h)$ $h$
$s\in[1,3/2]$ $(\epsilon_{s-1})$ , $(D_{\epsilon})$ 2
. 2 , $||A_{h}||$ $I$
. $h$ , $||A_{h}||$
, $\epsilon(h)=h$ .
.
$(E:\phi^{1}, \phi^{0}, \psi)$ $=(0.0, \varphi^{0},0.0)$ ,





$(D_{s})$ 9 $s$ . $\tau$
$\tau=\tau(h)=const$ . $h^{\sigma/2}$ ,





$=O(\epsilon(h)^{\min(s,\sigma)})$ , $m=2,3,$ $\cdots$ .
, l.!\phi (m\mbox{\boldmath $\tau$})--\phi h,\mbox{\boldmath $\tau$},
. $\hat{e}($ $:T)$ .
$m(h)$ :




$\phi_{h,\tau,m}$ $\phi_{h,r,m+1}$ , $\phi_{h,r(h)}(T)$ :
$\phi_{h,r(h)}(T)=\lambda\phi_{h,r,m}+(1-\lambda)\phi_{h,\tau,m+1}$ .
$\phi_{h,\tau(h)}(T)$ $\phi_{h/2,\tau(h/2)}(T)$ $\hat{e}($ $:T)$ :
e^( : $T$) $=\Vert\phi_{h,\tau(h)}(T)-\phi_{h/2,\tau(h/2)}(T)\Vert$ .




3 , $\sigma=15$ , $\varphi^{0}$ ,
$T=T_{1},$ $T_{5},$ $T_{10},1/h=6,12,24,48,8,16,32$ $\hat{e}(h:T)$ .
















$- 3.0$ $-2.5$ $-20$ $\log h$









$- 3.0$ $-2.5$ $-20$ $\log h$
$\underline{\text{ ^{}\backslash }\backslash 4}$ 2 $\varphi^{0}$ $T_{10}$ $\hat{e}$ $h$
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4 , 2 5 $\varphi^{0}$
, $\sigma=1.5,$ $T=T_{10},1/h=6,12,24,48,8,16,32$ $\hat{e}(h:T)$
. 3 .
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